ON THE COMPLEX ZEROS OF FUNCTIONS OF STURM-LIOUVILLE TYPE
CHOY-TAK TAAM
Let Q(z) be an analytic function of the complex variable z in a region
D. In the present paper only those solutions of da) tf" + Q(z)n = o which are distinct from the trivial solution (ΞO) shall be considered.
In this paper the following results shall be established, We may observe that if Q{z) is not a constant, M must be positive, according to the principle of the maximum modulus. If Q{z) is a constant, the problem is trivial as the distribution of the zeros is known.
2.
To prove Theorem 1, we need the following known results.
LEMMA 1. Suppose that the following conditions are satisfied:
(a) f(x) and g(x) are real-valued functions, continuous and nonnegative
Then we have
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This lemma is due to R. Bellman. For a proof of it see [1] or [5] LEMMA 2. Suppose that the following conditions are satisfied:
arranged as a nondecreasing sequence (α zero of order p is counted p times ).
Then we have
Jo
Lemma 2 is known as Jensen's theorem (see [4] ).
3. Now we shall prove Theorem 1. Along a fixed ray radiating out from the
Integrating (3.1) twice from 0 to r, we obtain
where ^'(0) exγ>(iθ) is the value of dW/dr at the origin. Integration by parts of the integral in (3.2) gives
Applying Lemma 1 to (3.4), we have 
where n(r) is the number of zeros of W(z) in |z| < r. On the other hand, (3.5) gives
I (R-t) \Q{te ιθ )\dtdθ Jo
Combining (3.6), (3.7), and (3.8), we have (3.9) n(r) log {Rr~l)
for r < R. But (3.9) is equivalent to (1.2), so that this completes the proof of Theorem 1.
If Q(z) is a polynomial of degree k 9 then W(z) is analytic except at infinity and, from (3.5),
where A is a constant. Hence W (z) is an integral function of order at most k + 2. Finally if we set R = 2r in (3.9), it is clear that Λ ( r ) = 0(r Λ+2 ).
This proves Corollary 1.1. and Q{x) φ m in Clearly (e) follows from (/), and this completes the proof of Theorem 2.
To prove
[0, α], (b) q χ (x) < 0 in [ 0, α]. ThenW(x) £ 0 in (0, a].
Added in proof.
The author is indebted to a referee for calling his attention to the fact that, in connection with Corollary 1.1, an entire function which satisfies a linear differential equation with coefficients which are rational functions of 2 is always of finite rational order and of perfectly regular
